Abstract. In this paper, extensions of affine vertex operator algebra L sl3 (k, 0), k ∈ Z + , are classified by modular invariants.
Introduction
One of important problems in the theory of vertex operator algebras is to classify rational vertex operator algebras, and there were many works on classifications. For instance, preunitary vertex operator algebras with central charge c < 1 were classified in [DZ] , [M] , [DLin] ; rational vertex operator algebras with central charge c = 1 were partially classified in [DM1] , [DJ1] , [DJ2] , [DJ3] ; holomorphic vertex operator algebras with central charge 24 were partially classified in [LS] .
It is well-known that vertex operator algebras are closely related to two-dimensional conformal field theory. One of important problems in two-dimensional conformal field theory is to classify modular invariant partition functions, and there were many works on the classification of modular invariant partition functions [CIZ1] , [CIZ2] , [Ka] , [G1] .
In language of vertex operator algebras, this is equivalent to classify modular invariants of rational vertex operator algebras [DLN] . It was also shown in [DLN] that extensions of rational vertex operator algebras give rise to modular invariants. Therefore, it is interesting to realize modular invariants by constructing extensions of vertex operator algebras explicitly and to classify extensions of rational vertex operator algebras.
In this paper, we consider the classification of extensions of affine vertex operator algebra L sl 3 (k, 0), k ∈ Z + . The method is to classify extensions by modular invariants.
This method is first proposed in [KL] in the framework of conformal nets, and was latter used in [DLin] to classify extensions of L sl 2 (k, 0), k ∈ Z + . The classification of modular invariants of L sl 3 (k, 0) has been obtained in [G1] , and plays an important role in this paper. It is shown in this paper that all the extensions of affine vertex operator algebra L sl 3 (k, 0) can be realized by simple current extensions [DLM3] and conformal embeddings [K] . To complete the classification, the key point is to prove the uniqueness.
The rest of this paper is organized as follows: In Section 2, we recall some basic facts about affine vertex operator algebras. In Section 3, we classify extensions of L sl 3 (k, 0).
2.
Affine vertex operator algebras L sl 3 (k, 0) 2.1. Affine vertex operator algebras. In this subsection, we recall some facts about vertex operator algebras associated to affine Lie algebras from [H] , [FZ] , [LL] . Let g be a finite dimensional simple Lie algebra, h be a Cartan subalgebra of g. We denote the simple roots, simple coroots and fundamental weights of g by {α 1 , · · · , α n }, {α
We shall also use θ = n i=1 a i α i to denote the highest root of g. Let , be the normalized Killing form of g such that θ, θ = 2. The corresponding affine Lie algebra is defined as
for any x, y ∈ g, m, n ∈ Z, where x(m) = x ⊗ t m .
For a complex number k, set
where C is viewed as a g⊗C[t]⊕CK-module such that g⊗C[t] acts as 0 and K acts as k.
It was proved in [FZ] that V g (k, 0) has a vertex operator algebra structure if k = −h ∨ , where h ∨ is the dual Coxeter number of g. Furthermore, it is well-known that the vertex operator algebra V g (k, 0) has a unique maximal proper ideal J (see [K] ). The quotient vertex operator algebra L g (k, 0) = V g (k, 0)/J is a simple vertex operator algebra and is strongly regular if k ∈ Z + (see [FZ] , [DLM1] , [DM1] ). It is also known that
where P k + denotes the dominant weight with level k of g (cf. [K] ), is the complete list of nonisomorphic irreducible L g (k, 0)-modules (see [FZ] , [LL] ).
2.2. Modular invariants of affine vertex operator algebra L sl 3 (k, 0). We first recall from [DLM2] , [Z] some facts about modular invariance properties of vertex operator
where q = e 2π √ −1τ and o(v) = v wtv−1 is the degree zero operator of v (cf. [Z] ). It was proved in [DLM2] and [Z] that Z M i (v, τ ) converges to a holomorphic function on the domain |q| < 1.
Recall that the full modular group SL(2, Z) acts on H as follows:
In particular, SL(2, Z) acts on the trace functions. The following result was obtained in [Z] (see also [DLM2] ).
Theorem 2.1. Let V be a strongly regular vertex operator algebra, M 0 , · · · , M p be all the nonisomorphic irreducible V -modules. Then the vector space spanned by
admits a representation φ of SL(2, Z) and the transformation matrices are independent of the choice of v ∈ V . It was shown in [DLN] that any extension U of V , i.e., V is a vertex operator subalgebra of U and V, U have the same conformal vector, gives rise to a modular invariant of V . More precisely, let U be an extension of V . Assume that U is strongly regular,
where τ 1 , τ 2 ∈ H. Since each irreducible U-module N i is a direct sum of irreducible V -modules, there exists a matrix X = (X i,j ) such that X i,j ∈ Z ≥0 for all i, j and that
Moreover, by the following result which was proved in [DLN] , the matrix X = (X i,j ) is uniquely determined.
It was further shown in [DLN] that X is a modular invariant of V .
Theorem 2.3. Let V , U, X be as above. Then X is a modular invariant of V .
Furthermore, by the discussion above, we have the following simple observation.
Lemma 2.4. Let V , U, X be as above. Suppose that there exist irreducible V -modules M i and M j such that X i,j = 0. Then we have X i,i = 0 and X j,j = 0.
We now recall from [G1] some facts about modular invariants of L sl 3 (k, 0). We use ρ to denote Λ 1 + Λ 2 , and (m, n) to denote the weight λ = mΛ 1 + nΛ 2 , where Λ 1 , Λ 2 are the fundamental weights of sl 3 . Recall that the set of dominant weights with level k is equal to
For convenience, we shall use P k to denote
Define two maps h : P k → P k and σ : P k → P k as follows:
of L sl 3 (k, 0), we will write it in the form
It was shown in [G1] that
, which is called the conjugate modular invariant of X. In particular, we have (X C ) λ,µ = X λ,h(µ) . The following result was proved in [G1] (see also [G2] ).
Theorem 2.5. Any modular invariant of L sl 3 (k, 0) is equal to one of the following modular invariants or their conjugate modular invariants:
(1,1)
(1,10)
(10,1)
(1,4)
(1,7) 
where we have used |Z
By a direct calculation, we have the following:
Lemma 2.6. The modular invariants of types
9 , E 21 , respectively.
We also need the following result.
cannot be realized by extensions of L sl 3 (k, 0).
Proof: By a direct calculation, the modular invariants of types E
9 ) C are equal to
respectively. Since the modular invariant of type E In this subsection we shall show that if k is a positive integer such that k ≡ 0 (mod 3), then there exists a unique extension of L sl 3 (k, 0) corresponding to the modular invariant 2) are the fundamental coweights of sl 3 , we have the following result which was proved in Example 5.11 of [DLM3] and Proposition 3.8, Corollary 3.21 of [Li] .
Theorem 3.1. Let k be a positive integer such that k ≡ 0 (mod 3). Then there exists a vertex operator algebra structure on
By Proposition 5.3 of [DM1] , we have:
Theorem 3.2. There exists a unique vertex operator algebra structure on
Moreover, by Proposition 5.2 of [ABD] and Theorem 3.4 of [HKL] , we know that
is strongly regular. Hence, by Theorem 2.3,
Lemma 3.3. Let k be a positive integer such that k ≡ 0 (mod 3). Then the modular invariant corresponding to
Proof: By Lemma 2.7, the modular invariant corresponding to
It follows immediately from Lemma 2.4 that the modular invariant of type A 
By the definition of the maps h and σ, we have h(m, n) = (n, m), hσ(m, n) = (m, k +3− m − n) and hσ 2 (m, n) = (k + 3 − m − n, n). If k ≥ 9, then we have (m, n) = (1, 4) ∈ P k and satisfies the property m ≡ n (mod 3), k + 3 − m − n > 4. Hence, if k ≥ 9, we then know that the modular invariant of type D 3.2. Extension of L sl 3 (k, 0) corresponding to the modular invariant of type E 5 .
In this subsection we shall show that there exists a unique extension of L sl 3 (k, 0) which realizes the modular invariant of type E 5 . First, it is well-known that there exists a conformal embedding L sl 3 (5, 0) ⊆ L sl 6 (1, 0) [SW] . Moreover, we have the following: Theorem 3.4. The affine vertex operator algebra L sl 6 (1, 0) is an extension of L sl 3 (5, 0). Furthermore, L sl 6 (1, 0) viewed as an L sl 3 (5, 0)-module has the following decomposition
Proof: Note that L sl 3 (5, 0) and L sl 6 (1, 0) have the same cental charge [SW] . It follows from Propositions 11.12, 12.12 of [K] that L sl 3 (5, 0) and L sl 6 (1, 0) have the same Virasoro vector. Hence, L sl 6 (1, 0) is an extension of L sl 3 (5, 0).
viewed as an L sl 3 (5, 0)-module is a direct sum of finitely many irreducible L sl 3 (5, 0)-modules. Recall that the conformal weight of L sl 3 (5, λ) is equal to λ,λ+2Λ 1 +2Λ 2 16 (see [FZ] ). By a direct calculation, if M is an irreducible L sl 3 (5, 0)-module with integral conformal weights, then we have M is isomorphic to
follows that
for some positive integer m. Note that dim L sl 3 (2Λ 1 + 2Λ 2 ) = 27. This implies that
as desired.
Since L sl 6 (1, 0) is strongly regular, it gives rise to a modular invariant of L sl 3 (5, 0).
Lemma 3.5. The modular invariant corresponding to L sl 6 (1, 0) is equal to the modular invariant of type E 5 :
Proof: By Lemmas 2.7, 3.3, we know that the modular invariant corresponding to L sl 6 (1, 0) must be equal to the modular invariant of type
If k ≥ 4, we then have (m, n) = (1, 2) ∈ P k and satisfies the property k + 3 − m − n ≥ 4.
It follows immediately from Lemma 2.4 that the modular invariant of type D C k (k ≡ 0 (mod 3), k ≧ 4) cannot be realized by extension of L sl 3 (k, 0). Similarly, we can prove that the modular invariant of type D k (k ≡ 0 (mod 3), k ≧ 4) cannot be realized by extension of L sl 3 (k, 0). This forces that the desired modular invariant is equal to the modular invariant of type E 5 . The proof is complete.
We next show that there exists a unique extension of L sl 3 (5, 0) corresponding to the modular invariant of type E 5 . Theorem 3.6. Let U be an extension of L sl 3 (5, 0) such that U is strongly regular and that U viewed as a module of L sl 3 (5, 0) has the following decomposition
Then U is isomorphic to L sl 6 (1, 0).
Proof: Let U be an extension of L sl 3 (5, 0) satisfying the assumption. For any u ∈ U, denote the vertex operator by Y (u, z) = n∈Z u n z −n−1 . Then we know that U is generated by U 1 and that dim U 1 = 35. Moreover, U 1 equipped with the bracket [, ] , which is defined by [u, v] = u 0 v for any u, v ∈ U 1 , is a reductive Lie algebra [DM1] .
It follows from Corollary 5.
simple Lie algebras g 1 , · · · , g s and positive integers k 1 , · · · , k s . We next show that s = 1, that is, U 1 is a simple Lie algebra. Otherwise, note that g s is a proper ideal of
a module of sl 3 , it follows that g s viewed as an sl 3 -module is isomorphic to a proper submodule of sl 3 ⊕ L sl 3 (2Λ 1 + 2Λ 2 ). However, note that for any proper sl 3 -submodule N of sl 3 ⊕ L sl 3 (2Λ 1 + 2Λ 2 ), we have [sl 3 , N] = 0. This is a contradiction. Hence, we have s = 1. Since dim U 1 = 35, it follows that U 1 ∼ = sl 6 . This implies that U ∼ = L sl 6 (1, 0).
The proof is complete.
3.3. Extension of L sl 3 (k, 0) corresponding to the modular invariant of type E
9 . In this subsection we shall show that there exists a unique extension of L sl 3 (k, 0) corresponding to the modular invariant of type E (1) 9 . Consider the affine vertex operator algebra L E 6 (1, 0). It was shown in [KS] that E 6 has a conformal subalgebra sl 3 and that L E 6 (1, 0) viewed a module of sl 3 has the following decomposition
Hence, by the similar argument in the proof of Theorem 3.4, we have:
Theorem 3.7. The affine vertex operator algebra L E 6 (1, 0) is an extension of L sl 3 (9, 0). Moreover, L E 6 (1, 0) viewed as a module of L sl 3 (9, 0) has the following decomposition
Since L E 6 (1, 0) is strongly regular, it gives rise to a modular invariant of L sl 3 (9, 0). By Lemmas 2.6, 2.7 and Theorem 3.2, this modular invariant must be equal to the modular invariant of type E We next show that there exists a unique extension of L sl 3 (k, 0) corresponding to the modular invariant of type E
9 .
Theorem 3.8. Let U be an extension of L sl 3 (9, 0) such that U is strongly regular and that U viewed as a module of L sl 3 (9, 0) has the following decomposition
Then U is isomorphic to L E 6 (1, 0).
Proof: Let U be an extension of L sl 3 (9, 0) satisfying the assumption. For any u ∈ U, denote the vertex operator by Y (u, z) = n∈Z u n z −n−1 . Then we know that U 1 equipped with the bracket [, ] , which is defined by [u, v] = u 0 v for any u, v ∈ U 1 , is a reductive Lie algebra [DM1] . In particular, U 1 ∼ = h ⊕ g 1 ⊕ · · · ⊕ g s for some simple Lie algebras g 1 , · · · , g s and an abelian Lie algebra h. We first prove that h = 0. Otherwise, h is an sl 3 -submodule of U 1 . This implies that h is isomorphic to a submodule of
we have [sl 3 , N] = 0. This is a contradiction. By the similar argument in the proof of Theorem 3.6, we can also prove that s = 1. In particular, U 1 is a simple Lie algebra with dimension 78. Hence U 1 is isomorphic to B 6 , C 6 , or E 6 .
We now letŨ be the vertex operator subalgebra of U generated by U 1 . By Corollary 4.3 of [DM2] , we know thatŨ ∼ = L g 1 (k 1 , 0) for some positive integer k 1 . We next show that the Virasoro vector ofŨ is equal to that of L sl 3 (9, 0). Otherwise, denote the Virasoro vectors ofŨ , L sl 3 (9, 0) by ω ′ , ω, respectively, then we have 0 = ω
Moreover, it is known that [ω ′′ m , ω n ] for any m, n ∈ Z (see Proposition 12.10 of [K] ). We then have ω
Therefore, we know that CŨ (L sl 3 (9, 0)) = {u ∈Ũ |ω 0 u = 0} is a vertex operator subalgebra ofŨ and the Virasoro vector of CŨ (L sl 3 (9, 0)) is ω ′′ (see [FZ] , [LL] ). In particular, CŨ (L sl 3 (9, 0)) is infinite dimensional. As a result, we know thatŨ viewed as an L sl 3 (9, 0)-module is a direct sum of infinitely many irreducible L sl 3 (9, 0)-module (see (12.12.3) of [K] ). However, since L sl 3 (9, 0) is strongly regular,Ũ viewed as an L sl 3 (9, 0)-submodule of U is a direct sum of finitely many irreducible L sl 3 (9, 0)-modules. This is a contradiction. Thus, the central charge ofŨ should be equal to 6. By a direct calculation, we know that the central charges of L B 6 (k 1 , 0) and L C 6 (k 1 , 0) cannot be equal to 6. Therefore,Ũ must be isomorphic to L E 6 (k 1 , 0). By a direct calculation, we get k 1 = 1. Thus,Ũ ∼ = L E 6 (1, 0).
This implies that U =Ũ ∼ = L E 6 (1, 0). The proof is complete.
3.4. Extension of L sl 3 (k, 0) corresponding to the modular invariant of type E 21 . In this subsection we shall show that there exists a unique extension of L sl 3 (k, 0) corresponding to the modular invariant of type E 21 . Consider the affine vertex operator algebra L E 7 (1, 0). It was shown in [KS] that E 7 has a conformal subalgebra sl 3 and that L E 7 (1, 0) viewed a module of sl 3 is isomorphic to
Hence, by the similar argument in the proof of Theorem 3.4, we know that
is an extension of L sl 3 (21, 0) and strongly regular. Therefore, L E 7 (1, 0) gives rise to a modular invariant of L sl 3 (21, 0). By Lemma 2.6 and Theorem 3.2, we know that this modular invariant must be equal to the modular invariant of type E 21 . Moreover, we have the following:
Theorem 3.9. Let U be an extension of L sl 3 (21, 0) such that U is strongly regular and U viewed as a module of L sl 3 (21, 0) has the decomposition (4.1). Then U is isomorphic
to L E 7 (1, 0).
Proof: Let U be an extension of L sl 3 (21, 0) satisfying the assumption. By the similar argument in the proof of Theorem 3.8, we know that U 1 is a simple algebra with dimension 133. It follows that U 1 is isomorphic to E 7 . LetŨ be the vertex operator subalgebra of U generated by U 1 . Then we know thatŨ ∼ = L E 7 (k, 0) for some positive integer k (see Corollary 4.3 of [DM2] ). By the similar argument in the proof of Theorem 3.8, we can prove thatŨ and L E 7 (k, 0) have the same Virasoro vector. In particular, the central charge ofŨ is equal to 7. By a direct calculation, we have k = 1, that is, U ∼ = L E 7 (1, 0). Hence, U is isomorphic to L E 7 (1, 0). The proof is complete.
3.5. Classification of extensions of L sl 3 (k, 0). We are now ready to prove the main result in this paper.
Theorem 3.10. Let U be an extension of L sl 3 (k, 0) such that U is strongly regular. Then U is isomorphic to L sl 3 (k, 0), L sl 6 (1, 0), L E 6 (1, 0), L E 7 (1, 0) or the vertex operator algebra in Theorem 3.1.
Proof: Let U be a vertex operator algebra satisfying the assumption. By Theorem 2.3, U gives rise to a modular invariant of L sl 3 (k, 0). By Lemma 2.7 and the proof of cannot be realized by extensions of L sl 3 (k, 0). This implies that the modular invariant corresponding to U is equal to the modular invariant of type A k , D k (k ≡ 0 (mod 3)), E 5 , E
9 or E 21 . Hence, by Theorems 3.2, 3.6, 3.8 and 3.9, U is isomorphic to L sl 3 (k, 0), L sl 6 (1, 0), L E 6 (1, 0), L E 7 (1, 0) or the vertex operator algebra in Theorem 3.1. This completes the proof.
Remark 3.11. It is shown in Lemmas 2.7, 3.3, 3.5, that there exist modular invariants of L sl 3 (k, 0), k ∈ Z + , cannot be realized by extensions of vertex operator algebras.
However, it was shown in [EP] that all the modular invariants of L sl 3 (k, 0), k ∈ Z + , can be realized by subfactors. Since subfactors are also closely related to conformal field theory, it is interesting to realize the remain modular invariants in the framework of vertex operator algebras.
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